
r 
AkadSmiai Kiad6 - Springer-Verlag 

COMBINATOR.ICA 11 (1) (1991) 71-74 

N O T E  

A M I X E D  V E R S I O N  O F  M E N G E R ' S  T H E O R E M  

Y O S H I M I  EGAWA, ATSUSHI  K A N E K O  and M A K O T O  M A T S U M O T O  

Received February 4, 1988 
Revised September 20, 1988 

An (a, b)-n-fan means a union of n internally disjoint paths. Menger's theorem states that 
a graph G has an (a, b)-n-fan if and only if G is n-connected between a and b. We show that G 
contains A edge-disjoint (a,b)-n-fans if and only if for any k with k < 0 < min{n - 1, IV(G)[ - 2) 
and for any subset X of V(G) - (a, b} with cardinality k, G - X is A(n - k)-edge-connected between 
a and b. 

1. I n t r o d u c t i o n  a n d  N o t a t i o n  

In this paper ,  we shall consider finite graphs  and digraphs  with no loops but  
with mult iple  edges being allowed. (When we consider pa ths  and edges in a digraph,  
the te rms  "path"  and "edge" always refer to a directed pa th  and a directed edge, 
respectively.) Let  G be a graph  or a digraph.  We write V(G) for the set of vertices 
of G and E(G) for the  set of  edges of G. I f  X c V(G) or E ( G ) ,  then  G - X is the 
subgraph  obta ined  from G by deleting X.  An edge of a d igraph G joining x E V(G) 
to y E V(G) is represented by (x ,y) ,  while an edge of a g raph  G joining x and y is 
represented by xy. Let a and b be dist inct  vertices of G. Then  an a - b pa th  is a 
p a t h  from a to b in G. An (a, b)-fan means  a union of internally disjoint a - b pa ths  
in G and an (a, b)-n-fan means  a union of n internally disjoint a - b pa ths  in G. 
For an integer n >_ 1, G is said to  be  n(resp,  n-edge)-connected between a and  b if, 
whenever  less t han  n vertices of  V(G) - {a, b} (rest. n edges of E(G)) are removed,  
there still exists an a - b p a t h  in G. For two subsets  X and Y of V(G), EG(X , Y )  
denotes  the  set of  edges xy  or (x, y) in G such tha t  x E X and y E Y. For a ver tex 
v of a d igraph G, odGv := [EG(v,V(G ) - {v})[ and idGv := [EG(V(G ) - (v} ,v)[ .  
The  reader  is referred to [1] and [2] for t e rms  not defined here. 

Menger ' s  theorem [6] is one of the  most  fundamenta l  theorems in graph  theory. 
I ts  ver tex  version s ta tes  t ha t  a (di )graph G has an (a, b)-n-fan if and  only if G is 
n-connected between a and b, and its edge version s ta tes  tha t  a (di )graph G has n 
edge-disjoint a - b pa ths  if and only if G is n-edge-connected between a and  b. As a 
c ommon  general izat ion of those two versions, we prove: 

Theorem.  Let G be a multi(di)graph of order at least two, let a and b be distinct 
vertices of G, and let A and n be positive integers. Then, there exist A edge-disjoint 
(a, b)-n-fans in G if  and only i f  for any  k w/th 0 < k < min{n  - 1, IV(G)] - 2} and for 
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any subset X of V (G) - {a, b} with cardinality k, G - X is A(n - k)-edge-connected 
between a and b. 

We now state the lemmas which we need in the proof of this theorem. The first 
lemma can be found in [4], where it is proved by the vertex-splitting technique. 

Lemm~ 1 (Ford and Fulkerson [4]). Let D be a multidigraph of order at least two, 
let a and b be distinct vertices of G, and let A and n be positive integers. Then, 
there exist An edge-disjoint a - b paths in D such that no vertex in V(D) - {a, b} 
is contained in more than A of these paths i f  and only if  for any k with 0 <_ k <_ 
min{n - 1, [V(D)[ - 2} and for any subset X o f V ( D )  - {a,b} with cardinality k, 
D - X is A(n - k)-edge-connected between a and b. 

We notice that Lemma 1 holds for an undirected graph as well. In order to see 
this, replace each undirected edge by a pair of oppositely oriented directed edges, 
apply Lemma 1 and observe that if both (u, v) and (v, u) are used, then those edges 
can be eliminated, i.e., if P and Q are edge-disjoint a - b paths and (u, v) E E(P)  
and (v, u) E E(Q),  then PU Q -  {(u, v), (v, u)} contains two edge-disjoint a -  b paths. 
Thus we have the following lemma. 

Lemma 2. Let G be an undirected multigraph of order at least two, let a and b be 
distinct vertices of G, and let A and n be positive integers. Then, there exist An 
edge-disjoint a - b paths P1, . . . ,  PAn in G such that no vertex in V(G) - {a,b} 
is contained in more than A of these paths if  and only if  for any k with 0 <_ k <_ 
min{n - 1, [V(G)I - 2} and for any subset X of V(G) - {a,b} with cardinality k, 
G - X is A(n - k)-edge-connected between a and b. 

Lemma 3 (K6nig [5]). If  G is a A-regular bipartite undirected multigraph without 
loops, then E(G) is partitioned into A 1-factors, i.e., E(G) is partitioned into A 
subsets El ,  . . . ,  EA where Ei is a set of pairwise independent edges of G and 
IEil = ( I V ( G ) I ) / 2 ,  1 < i < 

2. P r o o f  o f  t h e  T h e o r e m  

As the proofs of the directed and the undirected versions go parallel and the 
directed case is easier than the undirected case, we here discuss the undirected case 
only. The necessity of the condition is clear. To prove the sufficiency, let P1, . . . ,  
PAn be the a - b paths in G chosen as in Lemma 2. Let G ~ be the subgraph of G 

An 
induced by the edge set U E(Pi). Put  V(G t) = {a, b, V l , . . . ,  Vm}. Orient the edges 

i=1 
of G / so that  each Pi becomes a directed a - b path, and let D denote the resulting 
digraph. We define a digraph F whose vertex set is a disjoint union of two vertex 
sets U = {a l, U l , . . . ,  urn} and W = {b r, Wl , . - - ,  win} as follows: we associate an edge 
(Ui, Wj) with each edge (vi, vj) of D - {a, b}, and associate an edge (a I, wi) (resp. 
(ui, bl)) with each edge (a, vi) (resp. (vi, b)) and an edge (a t, g)  with each edge ab, so 
that lED(el, vj) I = IEF(ui, wj)l, lED(a, vi)l = IEF(a', wi)l, lED(el, b)l = [EF(ui, b')l 
and [ED(a,b)I = [EF(a',b')]. Note that if (ui ,wj)  E E(F) ,  then (uj ,wi)  ~ E(F)  
because we may assume that if (vi, vj) E E(D),  then (vj, vi) q~ E(D).  It is clear that 
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1 <_ idDv i = odDv i ( zk for all vi, 1 < i < m. Put  Pi := idDvi = odDvi. By the 
definition of F, i dFw i = odFu i = Pi, 1 < i < m. 

With F as just defined, let F ~ be the digraph obtained from F by adding A - Pi 
new (multiple) edges joining ui to wi for each i, 1 < i < m. Let E be the set of 
these new edges, i.e., E := E ( F  I) - E ( F ) .  Furthermore, we construct a new digraph 
F t/ from F I as follows: Let A be the set of edges of F p incident from a p and let 
A1, . . . ,  An be a partition of A such that IAil -= )~, 1 < i < n. For the vertex 
b I, we define B and Bi, 1 < i < n, similarly. Now we delete the vertices a p and b p 
and add two disjoint vertex sets { a l , . . . , a n }  and {bl . . . .  ,bn}. We then associate 
an edge (a i ,w j )  with each edge (a ' ,w j )  of Ai and an edge (uj ,bi )  with each edge 
(u j ,b  p) of B i (1 < i < n, j E M), and an edge (ai ,bj)  with each edge (a/,b ~) of 
A i N B j  (1 < i , j  < n). In the resulting digraph F n we h a v e i d F ,  v + O d F ,  V =.~  
for all v ~ V(FIP), and E ( F  pt) = E F , , ( { a l , . . . , a n  } U U p, { b l , . . . , b n }  U WI),  where 
U r := U - {a ~} and W' := W - {b}. Therefore, disregarding the "direction" of each 
edge of F ' ,  we may consider the digraph F "  to be a ,k-regular bipartite multigraph 
without loops with partite sets { h i , . . . ,  an} U U ~ and {b l , . . . ,  bn} U W ~. It follows 
from Lemma 3 that E ( F ' )  is partitioned into ~ subsets El ,  . . . ,  E~ where Ei is a 
set of pairwise independent edges of F "  and IEi] = ([V(F")p) /2 ,  1 < i < .~. 

In order to complete the proof of the theorem, define a mapping a : E ( F ' )  - 
E --* E ( G )  by a ( ( u i , w j ) )  = vivj,  a ( ( a i , w j ) )  = avj and a( (u j ,b i )  ) = bvj, and 
a((ai ,  bj) = ab. Since E ( F  Ip) - E  does not contain both (u i ,w j )  and ( u j ,w i )  
where i ~ j ,  it follows that ]E G(vi, Vj)] ~ I E F ,  (ui, wj) l  + ]EF" (U j, Wi) I. Therefore, 
we may assume that the mapping a is one-to-one. Since the edge set Ei - E 
contains n pairwise disjoint subsets Eiz , . . . ,  Ei,~ such that each Eij is of the form 

n 
{ (aj, wjl  ), (ujl  , wj2) . . . .  , (uJs- 1, wJs), (uJs' btj ) }, where j__U 1{ btj } = {bl, �9 �9 bn }, it 

n 

follows that the subgraph of G induced by the edge set a(  13 Ei ), is an (a, b)-n-fan 
j = l  

in G. Since the a(E i )  are pairwise disjoint, this means that G contains ,k edge-disjoint 
(a, b)-n-fans. This completes the proof of the theorem. | 

An undirected multigraph G is said to be (n, A)-connected between a and b if for 
any k with 0 < k < min{n - 1, IV(G)I - 2} and for any subset X of V ( G )  - {a, b} 
with cardinality k, G - X is A(n - k)-edge-connected between a and b. A multigraph 
G is said to be (n, ,k)-connected if for any two distinct vertices a and b of V(G), G 
is (n, ,k)-connected between a and b. Note that n-connected graphs are also (n, 1)- 
connected graphs. Dirac [3] proved that any n vertices in an n-connected graph 
lie on a common cycle. On the other hand, the undirected version of our theorem 
implies that if G is (2, A)-connected, then for any two vertices a and b, there exist A 
edge-disjoint cycles each of which contains both a and b. This suggests the following 
conjecture: 

Conjecture. Let  A and n be posit ive integers, let G be an (n, A)-connected (undi- 
rected) mult igraph o f  order at  least two, and let S be an)" subset  o f  V ( G )  such that  
[S] = n. Then in G there exist fl edge-disjoint cycles C1, C2, . . . ,  C;~ such that 
S C V(Ci )  for all i. 
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